Question. Does there exist an algorithm which takes as input a Diophantine equation, returns an integer, and this integer is greater than the height of a unique solution in non-negative integers, if the equation has a unique solution in non-negative integers?
Lemma 2. Matiyasevich's conjecture implies a negative answer to the Question.
Proof. Let B ⊆ N be recursively enumerable but not recursive. Matiyasevich's conjecture implies that there exists a polynomial W(x, x 1 , . . . , x m ) with integer coefficients such that for each n ∈ N, n ∈ B ⇐⇒ ∃x 1 . . . x m ∈ N W(n, x 1 , . . . , x m ) = 0, and for each n ∈ N at most one tuple (x 1 , . . . , x m ) of non-negative integers satisfies W(n, x 1 , . . . , x m ) = 0. It implies a negative answer to the Question.
Let Rng denote the class of all rings K that extend Z. Th. Skolem proved that any Diophantine equation can be algorithmically transformed into an equivalent system of Diophantine equations of degree at most 2, see [5, pp. 2-3] and [2, pp. 3-4] . Let
The following result strengthens Skolem's theorem.
Assume that d i = deg(D, x i ) ≥ 1 for each i ∈ {1, . . . , p}. We can compute a positive integer n > p and a system T ⊆ E n which satisfies the following two conditions:
Conditions 1 and 2 imply that for each K ∈ Rng ∪ {N, N \ {0}}, the equation D(x 1 , . . . , x p ) = 0 and the system T have the same number of solutions in K.
For a positive integer n, let f (n) denote the smallest non-negative integer b such that for each system S ⊆ E n with a unique solution in non-negative integers
. . . x n−1 · x n−1 = x n has a unique integer solution, namely 1, 2, 4, 16, . . . , 2 2 n−3 , 2 2 n−2
. Therefore, f (n) ≥ g(n) for any n. A counterexample to the equality f = g was recently communicated to the author.
Proof. If a system S ⊆ E n has a unique solution in non-negative integers x 1 , . . . , x n , then for each i ∈ {1, . . . , n} the system S ∪ {x i · x i = x n+1 } ⊆ E n+1 has a unique solution in non-negative integers x 1 , . . . , x n+1 . Proof. Assume, hypothetically, that there exists a Diophantine representation of f . It means that there is a polynomial W(x 1 , x 2 , y 1 , . . . , y m ) with integer coefficients such that for any non-negative integers a 1 , a 2 ,
By Lemma 3 for K = N, there is an integer s ≥ 2 + m such that for any non-negative integers
where the formula Φ(x 1 , x 2 , x 3 , . . . , x s ) is a conjunction of formulae of the forms
, and the representation (RR) is single-fold if and only if for each non-negative integers x 1 , x 2 at most one tuple (x 3 , . . . ,
Let S denote the following system
. . . t 1 + t s = t s+1 t s+1 + t s+1 = x 1 with 2s + 1 variables. By the equivalence (E), the system S is satisfiable over non-negative integers. If a tuple (x 1 , x 2 , x 3 , . . . , x s , t 1 , . . . , t s+1 ) of non-negative integers solves S , then x 1 = 2s + 2. By the equivalence (E) and Lemma 4,
By this and the definition of f , at least two tuples (x 1 , x 2 , x 3 , . . . , x s , t 1 , . . . , t s+1 ) ∈ N 2s+1 solve S . Hence, at least two tuples (x 3 , . . . , x s ) ∈ N s−2 satisfy Φ(2s + 2, f (2s + 2), x 3 , . . . , x s ). Therefore, the representation (RR) is not single-fold.
In fact, the above proof shows a bit more, namely, it provides an algorithm which takes as input any polynomial W(x 1 , x 2 , y 1 , . . . , y m ) with integer coefficients and returns a positive integer r, such that the set {(y 1 , . . . , y m ) ∈ N m : W(r, f (r), y 1 , . . . , y m ) = 0} has at least two elements, if the condition (RR) holds.
We present a shorter but non-constructive proof of Theorem 1. The proof divides into two cases.
Case 1: Matiyasevich's conjecture is true. By Lemma 2, we get a negative answer to the Question. It suffices to show that the function f is not computable. Assume, on the contrary, that the function f is computable. Then, Lemma 3 for K = N implies a positive answer to the Question, a contradiction.
Case 2: Matiyasevich's conjecture is false. Since f (n) ≥ 2 2 n−2 for any n ≥ 2, Lemma 1 implies that a single-fold Diophantine representation of the function f does not exist.
For a positive integer n, let θ(n) denote the smallest non-negative integer b such that for each system S ⊆ E n with more than one solution in non-negative integers x 1 , . . . , x n , at least two such solutions belong to [0, b] n .
For a positive integer n and for a non-negative integer m, let β(n, m) denote the smallest non-negative integer b such that for each system S ⊆ E n with a unique solution in integers x 1 , . . . , x n from the range of 0 to m, this solution belongs to
The following equalities
hold for any positive integer n. Therefore, there is an algorithm which takes as input a positive integer n, performs an infinite loop, returns β(n, m − 1) on the m-th iteration, and returns f (n) on each sufficiently high iteration. Proof. Let us say that a tuple y = (y 1 , . . . , y n ) ∈ N n is a duplicate of a tuple
For a positive integer n and for a non-negative integer m, β(n, m) equals the smallest non-negative integer b such that the box [0, b] n contains all tuples (x 1 , . . . , x n ) ∈ {0, . . . , m} n which have no duplicates in {0, . . . , m} n \ {(x 1 , . . . , x n )}.
The above proof effectively shows that f is limit-computable. Limit-computable functions, also known as trial-and-error computable functions, have been thoroughly studied, see [6, pp. 233-235] for the main results. The commercial version of MuPAD is no longer available as a stand-alone product, but only as the Symbolic Math Toolbox of MATLAB. Fortunately, the presented code can be executed by MuPAD Light, which was and is free, see [8] .
The following flowchart describes an algorithm which is difficult for implementation, but simply shows that f is computable in the limit.
We present a shorter but non-constructive proof that there are functions with the properties of the title. Let ξ : N → N be a limit-computable function which is not computable. Let us define the function h : N → N by h(n) = ξ(n) (if Matiyasevich s conjecture is true) 2 n (if Matiyasevich s conjecture is false)
The function h is computable in the limit, but the computability of h is an open question, because h is computable if and only if Matiyasevich's conjecture is false. By Lemma 1, a single-fold Diophantine representation of the function h does not exist.
